Abstract. The hysteresis loops pinched in the v-i origin
Introduction
In 1976, the class of the so-called memristive elements was defined [1] . Such elements behave as nonlinear resistors whose resistances, referred to as memristances, depend on the state x of an associated dynamical system according to Ohm's law [1]  i
Here v and i are the terminal voltage and current of the element, and R M is the memristance, expressing the memory effect caused by the state dynamics, governed by the equation of motion
Since the state x can also be of non-electric nature, the memristance R M becomes a universal measure for assessing memory symptoms, which have recently come to be explored across the assorted physical and biological platforms [2] [3] [4] [5] . A specific memristive element is the memristor introduced in 1971 in [6] , where R M (x,i) = R M (q), thus the charge q = ∫idt serves as its state variable.
The discovery of the so-called HP memristor [7] initiated and accelerated increased interest in the theory of memristive systems. Experiments have revealed that the memristance can be the consequence of a broad spectrum of phenomena of various physical nature. As one of the results of such research, the memristance is generalized as a function of a vector state x. The element, complying with (1) and (2) , where the state variable can be of either scalar or vector form, is currently denoted the extended memristor [8] . The memristor originally introduced in [6] is now regarded as the ideal memristor [8] .
The memristance, regardless of its physical origin, stamps its specific fingerprint, the pinched hysteresis loop, in the current-voltage characteristic. For passive memristors, zero-valued instantaneous voltage always corresponds to zero-valued instantaneous current and vice versa, and the v-i characteristic must cross the v-i origin. Since the memristance is state-dependent, the characteristic has generally a different slope when the operating point leaves the origin than if it comes back. As a result, the v-i characteristic is ambiguous and dependent on the type of excitation. On the other hand, it has always the character of a loop pinched at the origin.
In [3] , it is pointed out for the first time that the loop behavior in the close neighborhood of the origin provides data for examining the nature of the memory that is associated with the memristive element. It is suggested that the loops be classified as type-I and type-II loops. For type I (II), the loop arms (do not) intersect at the origin. It was proved in [9] that the loops of the ideal memristor, which can be considered a prototype of the nonvolatile memory, are always of type I. On the other hand, inexhaustible types of volatile memory elements exhibit the type-II loops. Let us mention incandescent bulbs, fluorescent tubes, glowlamps, etc. [10] . However, it has not hitherto been proved whether there are some connections between the loop type and the volatility of the element, and no universal criterion is available for evaluating the type of the crossing according to the type of the functions R M () and f() from (1) and (2) .
Examples of various loops are given in Fig. 1 . The loops (a) and (c) are of type I, the loop (b) is of type II.
A more detailed classification of the loop passing through the origin has been done in [11] . The loop passing is of the Crossing-Type (CT) or Non-Crossing Type (NCT, also referred to as tangential type), depending on whether the two arms of the loop intersect or only touch, and the order of touching [11] is analyzed in the latter case. The touching of the two arms is indicated by equal derivatives of the functions v + (i) and v -(i), which approximate the loop arms near the origin. The positive arm (labeled by the superscript +) is the arm followed by the operating point passing from the first to the third quadrant. All the varieties of possible passing through the origin can be expressed by a combination of two specifications: the CT/NCT, and the order of touching. The analysis of the type of the loop pinching is based on the successive evaluation of the formula
for k = 1, 2, .., as illustrated in Fig. 2 . The derivatives of both arms for v = 0 and i = 0 are gradually compared as long as they are identical. The order of touching is then equal to the highest order of the identical derivatives. As a consequence, the order of touching 0 denotes the case when the loop arms intersect. It is obvious from Fig. 2 that the CT loop must always be of even-order touching, and the NCT loop must be of oddorder touching.
It is proved in [11] for the ideal memristors, driven by a periodical signal as an odd function of time, that the NCT loops, i.e. with odd-order of touching, are impossible. Similar regularities for general memristive elements according to (1) and (2) have not yet been published. This paper analyzes possible types of the loops generated by the above systems under their excitation by a sinusoidal current. We focus on elements whose dynamics (2) respond to the sinusoidal excitation i(t) by a steady-state periodical waveform x(t). Section 2 describes the derivation of concrete forms of formula (3) for k = 1, 2, and for an arbitrary excitation i(t), and formulates the conditions for the CT(0) and NCT loops. Based on these results, the general regularities of passing through the v-i origin for sinusoidal driving current are stated in Sec. 3. Section 4 illustrates the above results via the SPICE simulation of the electrical wire, which as a power-controlled temperature-dependent resistor fulfills the conditions defining the memristive element.
Evaluation of 
( 1) and 
(2)
Evaluating (3) is the key to revealing the type of a loop pinching according to Fig. 2 . Differentiating (1), the loop slope at a point that coincides with the operating point can be derived as
The successive differentiation of (4) yields
Let us demonstrate the procedure of specifying (3) for k = 1 and 2. Note that the second right-hand side terms of (4) and (5) are zero at the v-i origin. It holds for k = 1:
where x + and x -are the values of the state x at time instants when the operating point comes to the origin along the arms v + and v -, respectively.
For k = 2 we can conclude that
The second right-hand side term in (7) is zero at the origin. The first term can be modified to the following form:
The state equation (2) can help to obtain the identity
Then  (2) can be written in the form
The superscripts  and + denote the values of the corresponding functions at the beginning and the end of drawing the loop lobe in the first quadrant.
It is obvious from (6) that only the instantaneous values of the memristance determine whether the arms of the loop will touch or not. It follows from (10) that the order of touching is also affected by the instantaneous rate of the changes of the driving current.
Loop Classification according to the Waveform of State x(t)
The definition of resistive element (1) controlled by the state of a general dynamical system with scalar state (2) can include elements with arbitrary complex dynamics. For example, an associated dynamical system governed by (2) might be unstable. Then there would be no steady-state response to the periodical excitation, and the pinched hysteresis loops would not converge to steady pattern in the v-i plane. A different complication would be associated with the prospective sub-harmonic oscillations in the steadystate response. Then only a part of the hysteresis loop would be drawn within one period of the driving signal. In order to prevent the above troubles, let us confine ourselves to elements that fulfill the following assumption:
There is such an initial state x 0 for which and for the sinusoidal driving function
the solution of differential equation (2) converges to a periodical steady-state solution x(t) with the repeating frequency  x = n, and I MAX ,  = 2/T, and T as the amplitude, angular frequency, and repeating period of the driving signal; n is a positive integer.
The purpose of this assumption is to warrant the existence of the steady state, when the same pinched hysteresis loop is redrawn within each repeating period of the driving signal.
Let us prove below that the type of the loop pinching is determined by whether the ratio n of the repeating frequencies of the response x(t) to the excitation (11) is an odd or even number. It is well-known that n = 1 for ideal memristors [9] , because their state variable is the charge q, whose frequency is equal to the frequency of current. The steady state is established immediately, and the pinching is of the crossing type (CT). On the other hand, n = 2 for thermistors [1] and similar power-driven memristive elements, and their steady-state loops are of the non-crossing types (NCT).
For n odd, the states x + and x -will be generally different. Then also the memristance R M+ = R M (x + ,0) and R M-= R M (x -,0) and the initial and final slopes of the loop lobe will differ. This means that  (1) ≠ 0, and the following partial conclusion can be stated:
If the frequency spectrum of the periodical response of the state x(t) starts with a harmonic component whose frequency is an odd multiple of the frequency of the sinusoidal excitation, then the native behavior of the loop is CT(0).
One exception to this rule is the singular case when the state x is the same at the beginning and in the middle of the period. Another exception holds if the memristance is the same at the beginning and in the middle of the period, although the states at these time instants are different. This may happen, for example, if the resistance R M (x,0) is not a monotonic function of the state, and at the beginning and in the middle of the period the operating point coincidentally comes to two states which cause identical memristances. Then the other conditions according to Fig. 2 determine the type of pinching. For the sinusoidal excitation (11), equation (10) for  (2) has the concrete form
The equality f(q,i) = i holds for the ideal memristor. This means that f + = f -= 0, so that  (2) = 0, and the case NCT(1) is foreclosed according to Fig. 2 . This conclusion is comfortable with the proof in [11] that all NCT points are excluded for ideal memristors regardless of the order of touching. For cases when the memristances are equal at the beginning and in the middle of the period, both arms of the loop will exhibit even-order touching at the origin (of the 2 nd order at the least).
Let us now analyze the case when n is an even integer. Then the equality x + = x -holds, which implies R M+ = R M-, 
(1) = 0, and also f + = f -, R M+ /x = R M-/x, and finally
It follows from (13) that, except the singular case when (R M+ /x)  (f + = 0), the inequality  (2) ≠ 0 holds. We can conclude the following:
If the frequency spectrum of the periodical response of the state x(t) starts with a harmonic component whose frequency is an even multiple of the frequency of the sinusoidal excitation, then the native behavior of the loop is NCT(1).
For the case of the above exception, it is necessary to specify the type of pinching via the additional procedure described in Fig. 2. 
Illustrative Example
It is well known that temperature-dependent resistors such as thermistors, bulbs, or a simple wire [12] belong to memristive elements [1] , which exhibit the v-i pinched hysteresis loops under sinusoidal excitation. The main conclusions from Sec. 3 are verified below via the following simulations.
Let us analyze the v-i characteristic of a wire, which is warming up via a passing current of sinusoidal waveform (11) . Consider that this wire with the known heat capacity C T is bounded with the ambient environment with a temperature T amb via a thermal resistance R T . For a temperature T ref , the wire provides its electrical resistance R ref .
Then the memristance from (1) is in the form
where α,  , and  are the linear, quadratic, and cubic temperature coefficients, and the temperature T is the element state.
The temperature dependence of the wire resistance is shown in Fig. 3 . The curve holds for α = 4.3 mK The state equation (2) is in the form [12]  Figure 4 shows the results of a simulation which was conducted under the following conditions: sinusoidal 8 A/0.1 Hz driving current, ambient temperature T amb = 27 C, heat capacity C T = 68.9 mJ/K.
The curves represent the steady-state waveforms of the resistance of the wire and its temperature within one repeating period of excitation. The versions (a) to (c) hold for three different thermal resistances between the wire and its environment. Different resistances cause different intensities of cooling the wire and thus its different steady-state temperature levels.
The hysteresis loops for all three versions are given in Fig. 5 . For the sake of lucidity, the loops (a) and (c) are shifted vertically. The loop (b) is of NCT (1) , and this type is native for such an element.
The versions (a) and (c) are selected such that the wire temperatures at time instants when the current excita- tion is zero are exactly equal to the temperatures T 1 and T 2 of the local extremes of the function R M (T). According to (13),  (2) = 0 for the cases (a) and (c), and it follows from Fig. 2 that such loops cannot be of NCT(1). Since they are not of CT(2) either, they must be NCT(n) loops, where n is an odd integer, n  3. Comparing the loops in Fig. 5 , it is evident that the loop arms in the cases (a) and (c) exhibit higher-order touching at the origin than in the case (b).
Conclusions
The paper is a follow-up to the results of researching the pinched hysteresis loops of ideal memristors published in [11] . The methodology of the classification of the loops from [1] was used in this work for studying more general (a)
memristive systems. However, it is much more difficult to classify a concrete memristive element in terms of such a methodology than ideal memristors. The reason is that the general memristive elements can exhibit incomparably more complex dynamics of their internal states, as well as nonlinearities of their memristances in respect of the driving quantities. From the practical point of view, this can mean that, in contrast to ideal memristors, we must wait until the hysteresis loop becomes stabilized. What makes it even more involved is that the steady state may never been established, for example, if the associated dynamical system is unstable. That is why the analysis is limited in this work to memristive elements that respond to sinusoidal excitation by periodical steady-state motion of the state variable, with the fundamental frequency being an integer multiple of the excitation frequency. Whether this multiple is an even or an odd number can be decisive for the nature of the loop: The even multiples are natively associated with the non-crossing type loops with first-order touching, NCT(1), whereas the odd multiples with the crossing-type loops, thus with zero-order touching CT(0). Exceptions to these rules are also described, which can appear owing to an accidental concurrence of the element parameters and the instantaneous process of the state variable. The mechanism of these exceptions is subject to the classification key in Fig. 2 .
Since the temperature-dependent resistive elements are power-controlled elements, they respond to sinusoidal current excitation via doubling the frequency of the state waveform in comparison with the driving frequency. Computer simulations of electric wire driven by sinusoidal current are in full agreement with the theoretical conclusions.
The analyses have been performed for the currentcontrolled memristive elements. Analogous conclusions can be drawn also for the dual case of voltage-controlled memristive elements.
